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Using a newly developed interquark potential, we tabulate values of the radial Schro¨dinger wave
function or its first nonvanishing derivative at zero quark–antiquark separation, for cc¯, cb¯, and bb¯
levels that lie below, or just above, the flavor threshold. These quantities are required inputs for
evaluating quarkonium production cross sections.
Fragmentation of partons into quarkonium states has
long been recognized as an important component of
quarkonium production in high-energy collisions [1]. It
is an essential element of the event generators now in
common use to simulate J/ψ,Υ, and Bc production [2].
The calculation of the production rate by fragmenta-
tion factorizes into a parton-level piece that can be eval-
uated using perturbative techniques for Quantum Chro-
modynamics times a hadronic piece expressed in terms
of the quarkonium wave function. In a previous publi-
cation [3], we tabulated the values at the origin of (the
absolute square of) the radial wave function (for s-wave
levels), or its first nonvanishing derivative (for orbitally
excited levels), for a selection of quarkonium potentials
that gave reasonable accounts of the J/ψ and Υ spectra
then known. There we examined the Cornell Coulomb-
plus-linear potential [4], Martin’s power-law potential [5],
Richardson’s QCD-inspired potential [6], and a second
QCD-inspired potential due to Buchmu¨ller and Tye [7].
The QCD-inspired potentials incorporate running of
the strong coupling constant αs using the perturbative-
QCD evolution equation at leading order and beyond.
But at distances relevant for confinement, perturbation
theory ceases to be a reliable guide. It is now widely
held, following Gribov [8], that αs approaches a critical,
or frozen, value at long distances (low energy scales),
as a result of quantum screening. Recently we incorpo-
rated the spirit of this insight into a new version of the
Coulomb-plus-linear form that we call the frozen-αs po-
tential [9], which we employed in a prospectus for the
(cb¯) spectrum. The purpose of this note is to record cal-
culations for the wave functions at the origin in all three
of the quarkonium families, J/ψ,Bc, and Υ.
For bound states in a central potential, the Schro¨dinger
wave function separates neatly into radial and angular
pieces, as Ψn`m(~r) = Rn`(r)Y`m(θ, φ), where n is the
principal quantum number, ` and m are the orbital an-
gular momentum and its projection, Rn`(r) is the ra-
dial wave function, and Y`m(θ, φ) is a spherical harmonic
with normalization
∫
dΩY ∗`m(θ, φ)Y`′m′(θ, φ) = δ``′ δmm′ .
From the normalization condition
∫
d3~r |Ψn`m(~r)|2 = 1,
it follows that
∫∞
0
r2dr|Rn`(r)| = 1. The value of the
radial wave function, or its first nonvanishing derivative,
at the origin,
R
(`)
n` (0) ≡
d `Rn`(r)
dr`
∣∣∣∣
r=0
, (1)
is required to evaluate meson decay constants and the
parton-fragmentation contribution to production rates.
The long-range part of the frozen-αs potential has the
standard Cornell linear form. To obtain the Coulomb
piece, we converted the four-loop running of αs(q) in mo-
mentum space [10] to the behavior in position space using
the method of [11], and enforced saturation of αs(r) at
long distances, as detailed in Ref. [9]. Values of αs(r) in
a form convenient for interpolation are presented in the
Appendix to that article.
For each quarkonium level, we show in Table I the com-
puted centroid of the mass along with the wave function
at the origin. For each family, we have included not only
the narrow levels, but also states above flavor threshold
that might be useful in assessing cascade contributions
or the production of discrete excited levels. Comparing
with Tables I, II, and III of Ref. [3], we find that the new
values lie comfortably within the range of our earlier es-
timates [12]. We recommend the new results presented
here as reliable modern reference values.
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2TABLE I. Absolute squares of radial wave functions or their first nonvanishing derivatives at the origin for quarkonium states.
The masses are centroids of the indicated states, calculated in the frozen-αs potential with mc = 1.84 GeV and mb = 5.19 GeV.
Level cc¯ cb¯ bb¯
Mass [GeV] |R(`)n` |2 Mass [GeV] |R(`)n` |2 Mass [GeV] |R(`)n` |2
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7S · · · · · · · · · · · · 11.3066 1.6080 GeV3
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